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In the present study, a theoretical model has been developed for the analysis of the dynamics of
ultrasonic-vibration assisted oblique turning. Various parameters including inclination angle, normal
rake angle, tool cutting edge angle, cutting velocity, feed rate, vibration frequency and amplitude were
taken into consideration in addition to other dynamics parameters such as inertial effect. The thin shear
plane theory was used for the analysis. The time dependent and average cutting forces could be
estimated and compared with the cutting forces in conventional turning.
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1. Introduction

The oblique cutting has already been the subject of several
studies [1-10]. Empirical results were needed in these studies to
predict the cutting mechanics. A few theoretical models were
proposed [11] that did not require experimental data to analyze
the oblique cutting mechanics.

Ultrasonic vibration assisted turning (UAT) results in discontin-
uous machining process. Several studies [12-15] have already been
carried out to assess the cutting forces in ultrasonic assisted
orthogonal cutting (orthogonal UAT). The average cutting forces
have been estimated in these studies by using the Fourier series or
by considering the cutting forces in conventional turning (CT)
multiplied by a correction factor. Studies on ultrasonic vibration
assisted oblique turning (oblique UAT) are scarce. In that respect,
simple analytical models [16] were proposed tackling three-dimen-
sional cutting process to understand the fundamentals of elliptical
vibration cutting at low frequencies and no dynamic effect was
taken into consideration. It should be noted that the influence of
feed rate has been neglected in majority of previous studies whereas
it has a significant effect on the chip flow control [17,18].

In the present study, a comprehensive model has been proposed
to study the cutting mechanics in oblique UAT. The tool geometry
including inclination angle, normal rake angle and tool cutting edge
angle and also material properties and friction have been taken into
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consideration in addition to other factors such as cutting speed, feed
rate, vibration frequency and amplitude. It should be noted that
friction has sufficiently been studied for conventional cutting, for
instance in [19-23]. Some results of these studies can be employed
for vibration assisted cutting. More explanation in this regard would
be provided in the next part of the present study.

2. Mechanics of oblique UAT

The following parameters are involved in the study of the
mechanics of oblique UAT: inclination angle i, normal rake angle
yn tool cutting edge angle K, cutting velocity V¢, feed rate Vj
vibration amplitude and frequency a, f. The thin shear plane model
is assumed and thus the flow shear stress 7 is considered to be
constant on the shear plane. A sharp tool cutting edge is assumed
and consequently the elastic deformation effects are neglected. The
value of the average friction force angle between chip and cutting
tool, f3, is also considered to be constant.

The oblique cutting mechanism is schematically shown in Fig. 1.
In this figure, x” axis is collinear with the tool cutting edge, y” axis
is perpendicular to tool cutting edge in the lateral machined
surface and z” is perpendicular to tool cutting edge and also to the
lateral machined surface. The important planes in oblique machining
are: shear plane, tool rake face, lateral machined surface and plane
normal to tool cutting edge, P,. The latter, or actually y”z” plane is
taken as the reference plane in deriving the analytical relations.

It should be noted that just one part of each vibration cycle
involving material removal operation has to be taken into
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Nomenclature

a vibration amplitude along the cutting velocity (ium)

— . . 2

d v chip flow acceleration vector (m/s®)

Ab,C,D,H constants

As shear plane area (mm?)

A, cross section area of material entering shear zone
(perpendicular to cutting velocity direction) (mm?)

Al cross section area of material entering shear zone
(perpendicular to resultant velocity direction) (mm?)

A area of shear plane cross section Projected onto a
plane perpendicular to tool rake face and accommo-
dating tool cutting edge (mm?)

b depth of cut (mm)

bs cutting edge length (mm)

B)s tool cutting edge vector (mm)

d workpiece diameter (mm)

D rate of material flow into shear zone (mm?/s)

€ e unit vector along the chip flow direction (mm)

f vibration frequency (Hz)

?Ch friction force between chip and tool rake face (N)

?ch reaction of ?Ch (N)

7)5 shear force vector on shear plane (N)

—/ ) —

fs reaction of f 5 (N)

h non-deformed chip thickness (mm)

hs width of shear plane

h intermediate parameter (mm)

hg width of shear plane (mm)

ﬁs vector normal to cutting tool edge on shear plane
(mm)

i inclination angle (deg.)

k number from 0 to 1

K; tool cutting edge angle (deg.)

L accelerated chip length (mm)

m chip mass (kg)

m chip mass per unit length (kg/m)

ﬁch force normal to tool rake face (N)

—>/ . —

N reaction of N, (N)

N)s force normal to shear plane (N)

—/ . —

Ng reaction of N (N)

N spindle rotational speed (rev/min)

s unit vector in direction of force ? s (mm)

ﬁ); unit vector in shear plane and normal to ? s (mm)

P, plane normal to cutting edge

Py velocity plane

?T resultant force applied to rake face (N)

—/ . —

Rt reaction of R (N)

Rr,(t) components of ﬁT(N); 1=XY,Z

ﬁs(t) resultant cutting force applied to shear plane (N)

ﬁs(t) reaction of ﬁs(t) (N)

t time (s)

t11 machining interruption instant in the first cycle of
vibration (s)

ti2 instant of maximum distance of the cutting tool from

the shear zone in the first vibration cycle (s)

t13

v ch/T
Vcr

=
Vs

Vi, (O
Vy,, . (®

(9]

wW/T

Vresulmnt
—

Vw

—

Vwr

Xyz

X' y/ 7z

X" y// Vid

machining restart instant in the first cycle of vibration
(s)

machining interruption instant in the nth cycle of
vibration (s)

instant of maximum distance of the cutting tool from
the shear zone in the nth vibration cycle (s)
machining restart instant in the nth cycle of vibration
(s)

chip volume per unit length (m3/m)

cutting speed (m/s)

chip flow velocity vector relative to reference config-
uration (m/s)

chip flow velocity vector relative to tool (m/s)
critical cutting speed (m/s)
feed rate (m/s) or (mm/rev)

velocity of material flow on shear plane relative to
cutting tool (m/s)

workpiece’s velocity component relative to tool in
cutting tool edge direction (x"y”z” coordinate system)
(m/s)

workpiece’s velocity component relative to tool nor-
mal to cutting tool edge in lateral machined surface
(x"y"z" coordinate system) (m/s)

workpiece’s velocity component relative to tool in z”
direction (or normal to cutting tool edge and also
normal to lateral machined surface (x”y”z” coordinate
system) (m/s)

resultant velocity (resultant of cutting velocity V- and
feed rate V) (m/s)

workpiece’s velocity vector in UAT (with the same
magnitude as cutting speed) (m/s)

workpiece’s velocity vector relative to tool in UAT
(m/s)

machine tool coordinate system: x radial (or depth of
cut) direction, y tangential (or cutting velocity) direc-
tion and z axial (or negative feed) direction
intermediate coordinate system (rotated x y z system
by angle 90—K;)

oblique coordinate system (rotated x'y’'z’ system by
angle i); x”along the tool’s cutting edge, y” placed on
the lateral surface and z’normal to the lateral surface
friction force angle between tool and chip (deg.)
normal rake angle (deg.)

an arbitrarily small value (deg.)

angle between resultant velocity and its y component
(deg.)

chip flow angle_()deg.)

angle between Ry and normal plane, Py, (deg.)

angle between _R)S and normal plane (deg.)

angle between y” axis and projection of _R)T on normal
plane (deg.)

0n—cr,0i_cr,¢;_cr values estimated from conventional oblique

0

o
Ts

o
On

w

cutting mechanics .

angle between y” axis and projection of R ; on normal
plane (deg.)

Density of workpiece material (kg/m?>)

flow shear stress (N/mm?)

oblique shear angle (deg.)

normal shear angle (measured in normal plane) (deg.)
angular velocity (rad/s)
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Velocity Plane Pv

Normal
Plane R,

Rake Face

Fig. 1. Cutting mechanism in oblique machining (3D elements of the workpiece, chip and cutting tool).

Normal Plane View P,

Fig. 2. Forces acting on the cutting tool rake face.

consideration and the non-cutting part need not to_)be analyzed.
The velocity vector of chip relative to cutting tool, V o7, can be
written from Fig. 1, as follows:

—
4 ch/T = (szh/T'VYZh/T'VZ;h/T)
= Vepyr(=Sin 1,08 1, Sin y,,,€0S 1y, €OS 7)) 1)

where 7, and 7y, are chip flow angle and normal rake angle,
respectively. The velocity of material flow on the shear plane

relative to cutting tool, VS/T. can be obtained as follows (Fig. 1):

= . .

Visr=Vx;. Yy, Vz,) = Vs/r(sin ¢;,—cos ¢; cos ¢y, cos ¢; sin ¢y,)
)

where ¢; and ¢,, are oblique and normal shear angles, respectively.
The continuity relation of velocities on the velocity plane,

(Vc—aw sin w t)[—cos (¢, —y,)sin i+cos i cos y,, tan ¢;]—-Vy[cos(¢,—y,)A+C cos y, tan ¢;]

Py, can be expressed as follows:
— — —
Vsr=Vear—Vwr 3)

The workpiece’s velocity relative to cutting tool can be
obtained as follows [24]:

—
Vwir®) =y, O.Vy, (.Vz, ©)
aw sin i sin wt—V¢ sin i—cos i cos K; Vy,
= | —aw cosisin wt+ V¢ cosi-—sinicos K, Vy, (4)
sin K,V

The chip flow angle, #., can be obtained as the modified

Merchant relation for oblique UAT from the above equation and
Egs. (1)-(3), as follows:

(6

tani, =

[ (Vc—aw sin wt)cos i+ CVilsin ¢,
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where  is the angular velocity and:

_sinK; tan ¢;+cos i cos K; sin ¢,

A sin ¢, ®)
.. sin K
C=sinicos K;— Sin &, 7

If the feed rate is to be neglected (Vy=0), the Merchant relation
for the conventional oblique cutting [25] is achieved:

tani cos (¢,—y,)—Cos y, tan ¢;

tan ey = sin ¢
n

®

2.1. Forces applied on the cutting tool

The forces being applied on the cutting tool rake face in
oblique machining (i #0°, K, <90°) are shown in Fig. 2. In this

—> — R
figure Rt denotes the resultant force; f ., the friction force
. —>
between chip and tool rake; N ., the force component normal to

the cutting tool rake face; 0;, the angle between ﬁr and normal
plane P,; and 6, the angle between y”axis and the projection of

— .. .

Rt on the normal plane. The friction force is assumed to be
collinear with the direction of chip flow and make an angle, #.p,
with the direction perpendicular to the tool cutting edge.

The angle between ﬁch and ?T is denoted by f which is the
friction angle.
The following geometric relations can be written from Fig. 2:

{fch =Rrsin f8

fen sin 1, =Ry sin 0; } = sin 0; =sin f sin n, 9)

fen=Ncytan f
fen €08 1y = Ney tan (O +7,)

} = tan(0,+y,)=tan fcosn, (10)

Shear Plane

Normal Plane

2.2. Forces applied to the chip

The inertial effect of chip removal process has to be taken into
consideration since the relative motion between the cutting tool and
workpiece in UAT is accelerated. In fact, the inertial force of chip
influences the force equilibrium. The mass of chip between tool and
shear plane, m, is assumed to have an acceleration of @ ¢ s1- The free
body diagram of chip in oblique UAT (i # 0°, K, <90°) is shown in

) . =, . - .
Fig. 3. In this figure, R ; is the reaction of R 7 acting on the face of
—/ ’
chip which is in contact with the rake face; f ., and ﬁchare the
—/ . — — —=/ .
components of R ; (the reaction forces of f ., and N); R is the
—
reaction of R s exerted on that face of chip which is trimmed from the
—/ / ’
shear plane; f ¢ and ﬁs are the components of _R)S in tangential and

normal directions; T)s is deviated from the normal plane, P, by the
oblique shear angle ¢ ; (it is assumed here that the shear force on the

shear plane is collinear with shear velocity on shear plane v /1) 0; is
’
the angle between the resultant force _R)Sand the normal plane; 6, is

the angle between the projection of ?/5 on the normal plane and y”
axis; and ¢, is the normal shear angle between the shear plane and y”
axis measured on the normal plane.
The force equilibrium relation for the chip can be written as
follows:
_R)s+_R)T:mﬁ)ch/T (11)
According to Fig. 3, the above equation can be decomposed as
follows:

B

Ry(—sin 6}i" +cos 0, cos 0" +cos 0, sin 0,k")

+Rp(+sin Gii7/—cos 0; cos (9,1j7’—cos 0; sin iné”)

7 1 o
- m(aXZMTl + aYéh,qJ + aZZh/T k ) a 2)

In the above relation, m and Ych ,r should be calculated which

in turn requires the shear plane area, As, and the volume of chip to
be calculated.

Normal Plane View P;'

Shear Plane

14008 7],
¢,

Ry .cosé,
_'r_ _______________ n y"

Fig. 3. Free body diagram of chip in oblique UAT.
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2.2.1. Calculation of volume and mass of chip -
The chip volume can be represented by three vectors bs, hs
and €., as shown in Fig. 4. The chip volume per unit length is
calculated as follows:
— — - = — —
V=[€a(bsx hg)|=|bs(hsx €m)|=|hs (€ x by
(13)

9/
_, Itiis easier to calculate the chip volume in terms of h g than

sx Hg) (14)

where bs is cutting edge length, hg is shear plane width and e, is

- =/
unit length of chip in the chip flow direction. The vectors bs, h
and €, can be written as follows:

B s=bsi’ = (L > - (b/ sin Kf) 7 b__ (15)

cos i " sink; cosi

I3 s=—h's cosg, i’ +Hy sin gk’ = —ﬁ cos ¢, + si:d) sin ¢, k"
n n
_ hsin k, 5 hsink, . ~
== S, cos ¢,j" + Sin g, sin ¢,k (16)
C op = —Sin i’ +C08 Ny SIN Pyj” +€08 ey €OS YK (17)

where b is depth of cut, h is the thickness of non-deformed chip
which has the same value as feed rate, b’ and I’ are intermediate
parameters. Substituting from the above equations into Eq. 13
gives:

— - -’ . 5 . 2 o
V=1]€q (bsx hg)|=|(—sinngi" +cos n,, sin y,j’ +cos ng, cos y,k")

bh cos ¢, IQ’) ’

w(— b j_ bhcos
cosi® cosisin ¢,
__ bhcos 5, < .

cos ¢,

sin ¢,

siny, +

cos i cos yn) 18)

Rake Face

Shear Plane

Fig. 4. Chip volume removed from the workpiece.

As a result the chip mass per unit length will be:

_ v Pbhcosne, (o €os by o
m=pV="—_"= Sin Y+ . 05 Tn (19)

2.2.2. Calculation of the chip acceleration

To calculate the chip acceleration, a control volume of material
is considered to enter into and exit from the shear zone as shown
in Fig. 5. The material is assumed to be incompressible during
deformation, and thus from the mass conservation it can be
written:

AoVwr =AcnVenr (20)

where Ap and A, are the cross section areas of the inlet and outlet
material, respectively; V w;r is the velocity of inlet material (the
workpiece’s velocity relative to the cutting tool along y axis); and
V oyt is the velocity of the outlet material (the chip velocity
relative to the cutting tool).

The velocity of the workpiece relative to the cgtting toci in xyz
coordinate system (regardless of feed rate Vy) is V=
(Vc—aw sin wt)j, so the value of inlet material speed becomes
Vw/r = Vc—aw sin wt. The cross section of materia_l) before entering
the shear zone (in a direction perpendicular to V1) is A,=bh.
The shear plane area at the inlet of shear zone is calculated, as
follows:

’

— — — —
As=|bs x hs‘:'bsx hgl =

bh V,
Cos1

1
sin ¢,

B bh 5 bh cos ¢, Y

cos ¢, Y
cosi’  cosisin ¢,

sin ¢,

hs=|

bh 1 cos? ¢,  bh
cos i sin? ¢, T cosi

21

Since the normal shear angle ¢, is in range of (0 to m/2), so
the shear plane area A s can be written as follows:

_ bh 1 | bh

T cosil|sin ¢, cosisin ¢,
The area of the cross section of chip leaving the shear zone, A,
can be obtained by successively projecting the shear plane, first onto

a plane accommodating the cutting edge and perpendicular to the
rake face, then onto a plane perpendicular to both rake face and chip

(22)

S

X y -x, [
< X
-
------- ¥
H
Ve A
-
=
e
~ W 1y =
= X
e ,: \
) <

Fig. 5. Control volume of machining material.
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flow direction (Fig. 6). The calculation is carried out, as follows:

Ay = As COS(Y,— ) = Cos(yy—byp) (23)

cosisin ¢,

Ach =Ax COS 1y = mcos(yn—d)n)cos Nen 24
where A, is the cross section area in the first projection. The chip
velocity relative to cutting tool is calculated by the aid of Eq. (19)

and the above equation, as follows:
_ cosising,
_ cosisin g,

A
Venr = A_‘; Vwr Vwr
Cl

(Ve—aow sin wt) (25)

If the feed rate, Vj, is taken into consideration, the workpiece’s
velocity relative to the cutting tool in xyz coordinate system

i
/ o

Tool /Lateral
/" surface

Rake face
y“

Normal Plane View

Normal plane

17
7 . ] A .
become V w,r = (Vc—aw sin wt)j+Vyk (Fig. 7), and:
Viesultant = \/(VC—(IOJ sin wt)z +Vf2 (26)
cos = Ve—aow sin ot 27)

\/(Vc—aa) sin wt)? +Vj?

where { is the angle between the resultant velocity and the
component of workpiece’s velocity relative to the cutting tool in y
axis direction (Vc—aw sin wt). According to Fig. 7, the area of
material’s cross section entering the shear zone, A%, is obtained, as
follows:

Ve—ao sin ot

A} =bh cos { =bh
\/(Vc—aw sin wt)? + Vf

(28

The rate of material flow into the shear zone, D, will be:

Ve—aw sin ot

B = szresulmnt =bh - >
\/(Vc—aa) sin wt)® +V}

\/(Vc—aw sin wt)? + V7

=bh(Vc—aw sin wt) (29

It can be observed that by considering V}, the rate of material
flow into the shear zone,D, does not change. By considering
Eq. (19), the chip velocity relative to cutting tool can be calculated
as follows:

Vc—aw sin ot

v/ (Ve—ao sin wt)? +V,?

bh
cos isin ¢, COS(Vn_qbn)COS Hen

bh

A*
H vresultarlt =
cl

V (Ve—aw sin wt)* +V,?

(30

Vch/T =

cosisin ¢,

=—— "% (Ve—aw sin wt
COSIa—n)COS ey " € )

The chip acceleration relative to cutting tool (in direction of
chip flow) can be derived from the above equation, as follows:

cos i sin ¢, aw? cos wt

COS(yn—¢n)COS Nen (31)

Aepyr = —

The chip flow velocity can be written as Vch/T = Vch/T?ch/T,
where the unit vector along the chip flow direction, ?C,,/T, can be
expressed in x"y”z’coordinate system by considering Eq. (1), as
follows:

— : 2 . 2 7
Ylo ) Igl‘zl € chyr = —SiN 141" +€0S 1)y, sin P,j° +€0S 7, cOS P, k" (32)
\_ face Similarly, by considering Eq. (30) the chip flow acceleration
\ vector in tangential direction on tool rake face can be written as
y A ch follows:
Ay e cos i sin ¢,aw? cos wt
o X" hT = —
Tool Rake Face View < COS(Yy—(h)COS 7]
Fig. 6. Projection of shear plane. x(—sin 7gi" 4€0s 1y sin y,j” +cos 1, cos y,k") (33)
z
= = . 2
Y esultant =F7ir = ((Vc —awsinae] +sz) T ¥
\ Ve —awsinat b x L °
. | s
Ve —amsinext ?
z i 4

l,resultant= Visr

Fig. 7. Effect of feed rate on the resultant velocity and the cross section of input material.
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The force equilibrium equation can now be written by sub-
stituting 7C,1/T from the above equation into Eq. (11), as follows:

;o

Ry(—sin 0}i" +cos 6 cos 0" +cos 0;sin 0,K")
+R;(+sin 0:i" —cos 0; cos 0nj” —cos 0; sin O,K")

_ cos i sin ¢,aw? cos wt

Bl <_ COS(}/—h,)COS 1 )

x[—Sin 141" +€OS 1], SIN P,i” +€OS 7y COS PK']

(34
The following equations are derived from the above equation:
—R§ sin 0;+ R} sin 0; = —macy,r sin y,

Rg cos 6; cos 0, —R; cos 6; cos 0, = magy 7 €OS 1, SN Y,

R§ cos 0; sin 0, —R7 cos 0; sin 0, = magy 1 €os 1), €OS 7,

(35-37)

The mass of accelerated chip, m, is obtained from Eq. (18), as
follows:

m=mlL= p% (sin Vot 2(1)1? j;" cos yn)L
n

where L is the length of accelerated chip and m; is chip mass per
unit length.

In Eq. (34)-(36), the unknown parameters are L, 1cp, ¢n, 0i, On,
0;, 0, R, Ry and t. In the present study, it is assumed that the
accelerated chip length L is the same as the tool-chip contact
length. The tool-chip contact length is dependent on the tool and
workpiece material and also on the cutting conditions [26-28].
Astakhov obtained the contact length between 0.5 and 1.5 mm for
aluminum material [28]. Grzesik suggested the contact length to
be 2 times greater than seizure length and the seizure length to be
equal to the uncut chip thickness [27]. Also Childs obtained the
tool-chip contact length for aluminum material up to 2 mm [29].
In the present study, L is assumed to be constant and equal
to 1 mm which is in acceptable range obtained by others for
aluminum workpieces.

er . ~ 0'
RS { b 01
L 4
é, |¥n
Shear Plane .
Normal Plane

Work Piece

2.3. Forces applied to the shear plane

The forces acting on the shear plane in oblique turning is shown
in Fig. 8. In this figure _R>5 is the resultant forces applied to the shear
plane; 7)5, the tangential shear force; ¢; the angle between this

force and the normal plane P, called as oblique shear angle; ﬁs, the
normal force acting on the shear plane; 0;, the angle between the

resultant force _R)S and normal plane; 0, the angle between the

projection of resultant force _R)g on the normal plane and y” axis;
and ¢, the angle between the shear plane and y”axis in the normal
plane, called as normal shear angle.

The maximum shear stress theory is used to determine the
angles ¢; and ¢,. In this theory it is assumed that material
shearing occurs in the direction of maximum shear stress [30].
The maximum shear stress direction makes an angle of 45°
with the direction of the principal stress which is the same
as the (li)rection oL the resultant force Rs. The angle between
f s (or Vg r)and R will, therefore, be 45° and

fs=Rs[cos 0; cos ¢; cos(0,+¢p,)+sin 0; sin ¢;] = Rs cos (45°) 38)

According to Fig. 8, it is clear that 77s- 7, = 0 where s and 77,
are unit vectors in shear plane collinear with and perpendicular
= . . N = .
to f s respectively. Since the projection of R s to the shear plane is
—
f s, it can be concluded that the former has no component along

7. and thus Rs will be perpendicular to 77, Therefore the
following relation is obtained:

Rs[cosb; sin ¢; cos(0;, + ¢,,)—sin 0; cos ¢;] =0 39)
The Eq. (39) can be simplified as follows:
tan 6;
cos(¢p,, +0,) = ! (40)
R tan ¢;
Normal Plane View P, rt

W
.
Normal Plane Shear Plane
s Ry
¢
Work Piece N 4 “y"

7 Cutting Edge

"

Fig. 8. Forces acting on shear plane.
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By substituting Eq. (40) in Eq. (38):
sin ¢; = v/2 sin 0; (41)

In the thin shear plane theory, the shearing occurs on the shear
plane, so the shear force is obtained as follows:

fs=TsAs=Ts<%)< )

By substituting fs from the above equation into Eq. (38), the
resultant forces in oblique cutting is obtained as

h
sin ¢,

(42)

_ ‘Esbh
"~ [cos 0; cos ¢; cos(0,+¢,)+sin 0; sin ¢;]cos i sin ¢,

Rs (43)

or

Rs[cos 0; cos ¢; cos(0;, +¢p,,)+sin 0; sin ¢;]cos i sin ¢, —Tshh =0
(44)

Fig. 9. Tool path relative to workpiece in oblique UAT; i=30°,

60 T T T T T T
w50 | LA
= Le9f
< 40 f RTTEAN :
9%9999999“'
30 222¢29¢98% : L L L L
0 10 20 30 40 50 60 70
i (deg)
20 T T T " " T
o0 22222292000,
Q *eeel%Q0g
Z "'992000
8 10 | ."9‘320 1
< R
< ey
0 10 20 30 40 50 60 70
i(deg)
60 F T T T T T T 7
— Qw°qqq
Cl
%040- GOQQQGQQ
_S | QQQQQQW 1
= 20 QQQQGQQG
@
0 g9 L L L L L L
0 10 20 30 40 50 60 70
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3. Solution of equations governing the dynamics
of oblique UAT

The equations governing the dynamics of oblique UAT have
already been obtained which consist of nine equations (Egs. (5),
(8),(9),(34),(35),(36), (39), (40) and (43)). A system consisting of
these equations can be written as follows:

_ (Vc—aw sin wt)[—cos(¢,—7,)sin i+cos i cos y, tan ¢;]-V([cos(¢,—y,)A+C cos , tan ¢,]

tan Nen [-(Vc—aw sin wt)cos i+ CVy]sin ¢, =0
sin 0;—sin i siny,, =0
tan(0n +7,)—tan f cos 4, =0
—R§ sin 0;+R7 sin 0; = —mag,r sin y,
R§ cos 0; cos 0;,—R} cos 0; cos O = m aey)r €OS 1y, SiN Y,
Rg cos 0; sin 0, —Rj cos 0; sin 0, =m acy)r €OS 1, COS 7,
cos(¢p, +0,)— 2n g' =0
sin ¢;—+/2 sin 0; =0
Rs[cos 0; cos ¢; cos(0, + ¢,)+sin 0; sin ¢p;]cos i sin ¢, —tsbh =0
(45)
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Fig. 10. Comparison of the cutting mechanics parameters in oblique CT obtained from dynamics model developed in the present study (f=0 or a=0; and y, = 20°, K, = 90°,
Vy=0.4 mm/rev, p = 7800 kg/m?, =613 MPa, b=1 mm, L=1 mm, V¢ = 0.53 m/s, # = 34.6°) with the results obtained by Shamoto and Altintas [11] (y, = 20°, § = 34.6°).
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It should be noted that Rr=R; and Rs=R;. The above
equations should be solved for the nine unknown parameters
On, Gi, 03, On, 05, 07, Hen, R and Ry. These equations do not have
closed form solution and should be solved numerically.

The solution is obtained for that time interval of vibration
cycle during which chip removal operation is done. The tool path
in oblique UAT can be illustrated as in Fig. 9. The cycle time, (t;;
to t1), can be divided into two parts of non-machining (t;; to t;3)
and machining (t;3 to ty;) intervals. The actual chip removal
operation is thus carried out during the interval,(t;3 to tp7). It
should be noted that the values of instants t;q, t;3 and t»; have
previously been calculated from the kinematics analysis [24]. In
that study three different criteria were introduced for obtaining
the above mentioned instants. It was illustrated that those criteria
gave rather the same results. In the present paper, the following
relations based on the first criterion are employed:

B sin” (V¢ cos i—Vy sinicos K;)/(2maf cos i)

= 46
11 2nf (46)
t21=f11+]/f (47)
a cos i cos wty 4V cosityy—sini cos K Vytq,
=acos i cos wty3+ V¢ cos ity3—sin i cos K, Vyti3 (48)

In order to solve the equations, the machining time interval,
(t13 to tp1), is divided into an arbitrary number of time increment.
Then for any distinct t,=t13+k(t21 —t13) (0 <k < 1), the Eq. (44)
are solved and the 9 unknown parameters are obtained.
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It should be noted that Eq. (44) consist of nonlinear trigono-
metric functions and have infinite number of solution, but only
certain solutions are physically acceptable. The following bound-
ary conditions are introduced to limit the solutions to physically
acceptable ranges: the values of the resultant forces Rg(t) and Ry (t)
should fall in the range of (0 to 1000) Newton; the shear plane
angle is limited to ¢,=(0 to =/2); the chip flow angle in
conventional oblique cutting is almost equal to the inclination
angle, so this criterion is also adopted for oblique UAT, i.e.
Nen(t)=((i—¢) to (i+¢)); to find the other parameters, the solu-
tions are bound to fall in the vicinity of the conventional oblique
cutting results, as follows:¢;=((¢pi_cr—¢) to (pi_cr+¢€)), 0 n=
((0 n_cr—&) to (0 n_cr+&)), 0y(t) = (On_cT—€) to (On_cr+8)), 0 ;=
((0i_cr—e) to (0 i_cr+e)) and 0; = (Bi_cr—¢) to (6i_cr +¢)) where
¢ is a small value selected by the user. It is first assumed that ¢ to
ben/18. Its value is changed to n/15 or n/10 if no solution is
found. The Parameters 0,,_cr, 0i_cr, ¢i_cr etc. can be estimated
from the conventional oblique cutting model which is obtained
from Eq. (45) by substituting the vibration frequency f=0 or
amplitude a=0.

After solving for the unknown parameters, the resultant

=
force R 7(t) obtained for x"y”z’ coordinate system should be
transformed into forces in x y z coordinate system so that
they can be measured by tge dynamometer. Actually, the
machining force components R r(t)=(Rr,, (1), _R)TY,,(t), Rr,, (t)) are
obtained by consecutive transformation of R r(t) from x"y’z”
coordinates into x'y'’zZ and then to x y z coordinates. The
machining forces are obtained after these transformations, as

a
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Fig. 11. Variation of (a) cutting mechanics parameters and (b) Cutting forces in oblique CT and UAT for Al2024 material, i =30°, y, =0°, K, = 75°, f=20 kHz, a=16 pm,
Vy=0.4 mm/rev, b=1 mm, L=1 mm, V¢ = 0.53 m/s, p=2780 kg/m?>, t=224 MPa, = 19°.
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follows (Appendix):

Ry, (t) = (—cos i sin K; sin 0;+sin i sin K, cos 0; cos 0,
+cos K; cos 6; sin 6,,)Ry(t)

Rr,(t) = (sin i sin 6;+cos i cos 6; cos 0,)Rr(t)

Rr,(t) = (cos i cos K; sin 0;—sin i cos K; cos 0; cos 0,

+sin K, cos 0; sin 0,)Rr(t) (49)

4. Results and discussion

In order to compare the results of the model developed in the
present study with the existing models developed by others for
conventional turning, the vibration frequency f=0 or amplitude
a=0 is substituted in Eq. (45) to obtain CT cutting mechanics
parameters. The results are compared with those obtained by
Shamoto and Altintas [11] in Fig. 10. It should be noted that they
have evaluated their results by comparing with the results
obtained by Armarego’s [31] and Lin and Oxley’s [32] experi-
mental data. Therefore, Fig. 10 actually represents a comparison
between the results of the present model with the results of three
other works carried out on conventional oblique cutting. It should
be noted that the cutting edge angle was not considered in other
works and thus K, =90° was substituted in Eq. (45). In addition,
the results of other works were obtained for steel and thus
p =~ 7800 kg/m>3 and 1=613 MPa [11] were used in the equations.
Other conditions were similar. It can be seen from Fig. 10 that the
results are closely similar.
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It should be noted that no theoretical or experimental result is
available for oblique UAT to be compared with the results of the
present study.

The variations of different cutting mechanics parameters in
oblique CT and UAT can be obtained from the foregoing theory as
illustrated in Fig. 11.

It can be seen from Fig. 11a that all estimated parameters for
CT remain constant while they change during the machining part
of a vibration cycle in UAT. The parameters (0;,0;) and also (0n,0;,)
differ from each other in UAT, but are similar in CT. Also, the
variations of shear angles (¢, ¢;) show that the cutting condi-
tions change in UAT process. In the example presented in Fig. 11a,
the difference between the estimated angles (¢n, ¢i, 0 1,0 4, 0, 0),
and 7.,) in CT and those in UAT (in machining part of the
vibration cycle) is up to 2°. This is about 7 percent variation in
the shear angle. The forces Rs and R in Fig. 11a, which are the
resultant forces on shear plane and rake face respectively, show a
difference about 5N (2 percent) with each other. Each of these
forces varies up to about 25 N (8 percent). This is also true for the
cutting forces as the latter forces are directly obtained from Ry by
using appropriate rotation matrices. In CT process, there is no
difference between the forces Rs and Ry. These forces remain
constant in CT.

The components of the average and the maximum UAT forces
and CT forces are shown in Fig. 11b. As is clear from this figure,
the average UAT forces are considerably smaller than CT forces.

As far as the cutting forces are concerned, the peak force in
UAT should be taken into consideration when judging about the
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Fig. 12. Variation of (a) cutting mechanics parameters and (b) Cutting forces in oblique CT and UAT for Al2024 material in the absence of chip acceleration, i =307, 7, = 0°,
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influence of chip acceleration; because the peak force is directly
influenced by the cutting mechanism whereas the average force is
dependent on the cutting and non-cutting periods in each vibra-
tion cycle. It should be noted that the average forces are
considered when comparing the values of cutting forces in UAT
and CT as already done in this paper. In UAT, the peak of cutting
forces in the machining duration of vibration cycle is somewhat
different from CT cutting forces (Fig. 11b).

The variations of cutting mechanics parameters and cutting
forces in oblique UAT when the effect of chip acceleration is
neglected (E)C,W =0) are shown in Fig. 12. The results of oblique
CT are also shown in this figure for the purpose of comparison.

It is clear from Fig. 12a that the cutting mechanics parameters
do not change in the absence of the chip acceleration. The peak
UAT forces and CT forces will be equal when the effect of chip
acceleration is ignored (Fig. 12b). It can thus be concluded that
the variations of the oblique UAT cutting mechanics parameters
observed in Fig. 11 are due to the inertial effect associated with
the accelerated chip produced in UAT. Additionally, the chip
acceleration causes the peak UAT cutting forces to be different
from CT cutting forces.

The actual material removal mechanism in UAT is influenced
by the chip inertial effect. The resulting error in the estimation of
the cutting mechanics parameters and cutting forces would be
about 7 to 8 percent if the chip acceleration is ignored.

It is clear from Fig. 12a that the cutting mechanics parameters
in UAT when obtained by ignoring the chip acceleration will be
very close to their counterparts in CT with negligible differences,
except for the forces. The average cutting forces in UAT are still
considerably smaller in this case compared with CT in proportion
of the machining duration to the total vibration cycle time (Eqs.
(47) and (48)).

The variations of cutting forces in CT and oblique UAT are
shown in Fig. 13 against different parameters.

In order to illustrate the effect of the normal chip angle, the
cutting forces in CT and oblique UAT are obtained and shown in
Fig. 14 for 7, = 20° (instead of y,, = 0° in Fig. 13).

It can be observed from Figs. 13 and 14 that by an increase in
the inclination angle i, the radial force Ry, increases; the main
cutting force Ry, remains constant in the range of i=(0 to 45°);
and the axial force Ry, decreases in both oblique CT and UAT.
These trends of change in the cutting forces have also been
reported by other researcher for oblique CT [6,11,33-35].

It is also clear from Figs. 13 and 14 that by an increase in the
tool cutting edge angle K,, the main cutting force Rr, remains

20°, i=30°, K, =75° f=20kHz, a=16 um, V;=0.4 mm/rev, b=1 mm, L=1 mm,

constant and the axial force Rr, increases in both oblique CT
and UAT.

The trend of change in the radial force Ry, is not so obvious; for
v, =0° (Fig. 13), this force shows a slight decrease with an
increase in the tool cutting edge angle K,, whereas it slightly
increases for y,, =20° in both oblique CT and UAT.

It is also clear from Fig. 13 that by an increase in the feed rate
Vrand also in the depth of cut b, the cutting forces in oblique CT
and UAT increase, which is an obvious result in machining theory.
By increasing the cutting velocity V¢ and decreasing the vibration
amplitude a, the benefits of applying ultrasonic vibration to the
cutting process disappear and therefore the UAT’s forces approach
those in CT (Fig. 13). It can also be observed from Fig. 13 that an
increase in the rake angle makes the cutting process easier due
to the ensuing decrease of the cutting forces both in CT and UAT.
The decrease of cutting forces at larger rake angles can also be
observed by comparing the ranges of forces in Figs. 13 and 14.
Smaller forces are encountered in the latter figure where the rake
angle is y, =20° compared with Fig. 13 where the rake angle is
Tn= 0.

It is evident from Figs. 13 and 14 that the axial cutting force
becomes negative at large values of the inclination angle, tool
cutting edge angle and rake angle. This is of course due to the
change occurring in the direction of the resultant cutting force
which in turn causes its axial component to fall along the negative
z axis which is the direction of the feed motion.

5. Conclusion

A dynamics model has been developed in the present study for
ultrasonic vibration assisted oblique turning (oblique UAT).
The model can theoretically estimate the instantaneous cutting
mechanics parameters and forces at various vibration frequencies
and amplitudes and for different oblique turning parameters.

The cutting mechanics parameters and cutting forces can also
be obtained for the conventional oblique turning (oblique CT) by
substituting zero amplitude or zero frequency in the relevant
relations developed for oblique UAT.

The average cutting forces in oblique UAT are considerably
smaller than CT in all cutting conditions. The quantified evalua-
tion of the ratio of UAT to CT cutting forces will be elaborated in
part III of the present study.

The inertial effect of chip acceleration in oblique UAT is
responsible for about 7 to 8 percent of change occurring in the
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cutting mechanics parameters including the shear angle and the
cutting forces during the machining part of the vibration cycle.
Therefore, an error of about 7 to 8 percent is expected when the
inertial effect is ignored. The inertial effect also causes the peak
cutting forces in UAT to be somewhat different from the cutting
forces in CT; whereas these forces are equal when the inertial
effect is ignored.

The cutting mechanics parameters in UAT when obtained by
ignoring the chip acceleration will be very close to their counter-
parts in CT with negligible differences, except for the forces. The
average cutting forces in UAT are still considerably smaller in this
case compared with CT in proportion of the machining duration
to the total vibration cycle time.

By an increase in the inclination angle, the radial force
increases; the main cutting force remains constant and the axial
force decreases in both oblique CT and UAT.

By an increase in the tool cutting edge angle, the main cutting
force remains constant and the axial force increases in both
oblique CT and UAT. The trend of change in the radial force is
not so obvious and is case dependent.

By increasing the feed rate and also the depth of cut, the
cutting forces in oblique CT and UAT increase. By increasing the
cutting speed and decreasing the vibration amplitude, the bene-
fits of ultrasonic vibration disappear and therefore the UAT forces
approach those in CT.

The cutting process is carried out easier at large rake angles
due to the lower cutting forces both in CT and UAT.

Appendix A

The resultant force vector applied to the cutting tool rake face,
R 7(t), in X"y"z" coordinate is:

1 ot 5 %
R 1(t) =Rr,, (D" +Rr,, ()] +Rr,, (DK
RTx” (f) = —sin 9,R T(t)

Ry, (t) = cos 0; cos O, Rr(t)

Ry, (t) = cos 0; sin 0, Rr(t) (1-A)

The x"y"z" coordinates can be transformed into x'y'z’ coordi-
nates, as follows:

-1 7

b'd cosi -sini O X cosi sini O b'd

y | =]|sini cosi O x |y'|=]|-sini cosi 0| x |y

z 0 0 1 4 0 0 1 z'
(2-A)

The force components in x"y”z” system can thus be converted
to those in X'y'z’ system, as follows:
Ry, (t) = (cosi)Ry,, (t)+(sin D)Rr,, (t) = (—cos i sin 0;+sin i cos 0; cos 0,)Rr(t)
Ry, () = (=sin DRy, +(cos )Ry, (t) = (sin i sin 0;+cos i cos 0; cos Oy)Rr(t)
Rr,, (t) =Ry, (t) = cos 0; sin 0, Rr(t) (3-A)

The x'y'Z coordinates can be transformed into x y z coordi-
nates, as follows:

X rcos(m/2—K,) 0 —sin(m/2—-K)7~'  [x
y| = 0 1 0 x |y
z _sin(n/Z—KT) 0 cos(m/2—K;) z
[ cos(m/2—K;) 0 sin(n/2—K;) X'
= 0 1 0 x |y
—sin(n/2—K;) 0 cos(n/2—K;) z
[ sinK;, O cosKk; b'd
= 0 1 0 x |y (4-A)
| —cos K; 0 sinK; z

- .
The R 7(t) components in X'y'z’ system can thus be converted
to those in x y z system, as follows:

Ry, (t) = (sin Ky)Rr,, () +(cos K;)Rr,, (t)
= (—cosisin K; sin 0;+sin i sin K, cos 0; cos 0,
+cos K; cos 6; sin 0,,)Rr(t)
Ry, (t) =Ry, (t) = (sini sin 0;+cos i cos 0; cos 0y)Rr(t)
Rr,(t) = (=cos Ky)Rr,, (t)+(sin KRy, (t)
= (cos i cos K; sin 6;—sin i cos K cos 0; cos 0,

+sin K; cos 0; sin 0,)Rr(t) (5-A)
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