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The purpose of the present study is the kinematics, dynamics and experimental investigation of

ultrasonic-vibration assisted oblique turning. The results are presented in three parts. In the first part,

the kinematics of the relative motion between the cutting tool and the work-piece is concerned. The

vibration cutting is an intermittent process and cutting in this process is physically implemented in

part of the vibration cycle. The critical cutting speed and the cutting duration in vibration oblique

turning are other important kinematics factors which are dealt with in this part. For this purpose, three

different models have been developed and examined by different case studies.

& 2012 Elsevier Ltd. All rights reserved.
1. Introduction

In ultrasonic-vibration assisted turning (UAT), the cutting tool
vibrates at an ultrasonic frequency along the cutting, feed or
radial direction. The vibration is superimposed on the common
cutting motion. Applying the vibration in cutting direction (one
dimensional UAT) or in cutting and feed directions (elliptical UAT)
has gained more popularity because the resulting motion of
cutting tool is more effective. The vibration cutting has several
advantages such as reduction in the average cutting force,
improvement of the surface quality of the machined work-piece,
increase in tool life, etc. In the literature, the reduction of the
average cutting force as a major advantage of UAT has been
attributed to the alternate tool-workpiece engagement and dis-
engagement. Chunxiang et al [1] have discussed about the
separation of the tool rake face from chip and the separation of
the tool flank from the work-piece. The separation of tool from
chip and from work-piece in elliptical vibration has also been
clearly mentioned [2–4]. In 1D –UAT, it is also believed that the
cutting tool periodically separates from the work-piece [5–10],
from the chip [11–19] or from both the work-piece and chip
[20,21].

In UAT because of the feed motion, the cutting tool never
disengages from work-piece when the process is going on, but
ll rights reserved.
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instead disengages from the shear zone in machining part of each
vibration cycle causing interrupted cutting. This was overlooked
in previous researches in spite of its importance in the kinematics
analysis of the tool movement relative to the work-piece. It
should be mentioned that two different surfaces are actually
produced in a turning operation: the main surface of the work-
piece remaining after the machining operation; and the lateral
surface which is shaped during each revolution of the work-piece
and subsequently removed in the form of chip in the next
revolution of the work-piece. Non-separating tool-workpiece
mechanism causes some regions of the lateral surface to be
pressed by the cutting tool edge resulting in an increase of surface
hardness in these regions. Therefore, the measurement of the
surface hardness can provide a means for verifying this
mechanism.

The hardness of the main surface after machining has already
been studied [11,14–16]. In these studies, it was observed that
surface hardness in one-dimensional UAT with cutting tool
vibrating in cutting direction was about 60 less than its value in
conventional turning (CT) and was considerably close to the
hardness of untreated material. On the other hand, the cutting
forces in UAT were about 30 of those in CT; thus the smaller
cutting forces made a less intrusive process from UAT. This led to
a softer layer compared with CT. Sasahara [22] has studied the
effect of different parameters such as tool nose radius, cutting
edge shape (sharp or chamfered) and feed rate on the hardness of
lateral machined surface in CT. The hardness of the lateral surface
has not yet been studied in UAT.
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Nomenclature

a vibration amplitude along the cutting velocity (mm)
A,B,b0,C,D,H,P constants
A S shear plane area (mm2)
b depth of cut (mm)
d workpiece diameter (mm)
Dj depth of pressed zone (mm)
f vibration frequency (Hz)
i inclination angle (deg.)
Kr tool cutting edge angle (deg.)
N spindle rotational speed (rev/min)
Pn cutting edge normal plane
P V velocity plane
t time (s)
t11 machining interruption instant in the first cycle of

vibration (s)
t12 the instant of maximum distance of the cutting tool

from the shear zone in the first vibration cycle (s)
t13 machining restart instant in the first cycle of vibration (s)
tn 1 machining interruption instant in the nth cycle of

vibration (s)
tn 2 the instant of maximum distance of the cutting tool

from the shear zone in the nth vibration cycle (s)
tn 3 machining restart instant in the nth cycle of vibration (s)
VC cutting speed (m/s)
Vcr critical cutting speed (m/s)
Vf feed rate (m/s) or (mm/rev)
VX W=T

ðtÞ workpiece’s velocity component relative to tool in
radial direction (m/s)

VY W=T
ðtÞ workpiece’s velocity component relative to tool in

tangential direction (m/s)
VZ W=T

ðtÞ workpiece’s velocity component relative to tool in
axial direction (m/s)

VX 00 W=T
ðtÞ workpiece’s velocity component relative to tool in

cutting tool edge direction (x00y00z00 coordinate system)
(m/s)

VY 00 W=T
ðtÞ workpiece’s velocity component relative to tool nor-

mal to cutting tool edge in lateral machined surface
(x00y00z00 coordinate system) (m/s)

VZ00 W=T
ðtÞ workpiece’s velocity component relative to tool in z00

direction (or normal to cutting tool edge and also
normal to lateral machined surface (x00y00z00 coordinate
system) (m/s)

Vresultant resultant velocity (resultant of cutting speed VC and
feed rate Vf) (m/s)

V
!

T cutting tool’s velocity vector in UAT (m/s)
V
!

W workpiece’s velocity vector in UAT (with the same
magnitude as cutting speed) (m/s)

V
!

W=T workpiece’s velocity vector relative to tool in UAT (m/s)
V? normal velocity (first criterion: y00 component of work-

piece’s velocity relative to cutting tool, second criter-

ion: workpiece’s velocity relative to cutting tool in
direction perpendicular to the tool rake face, third

criterion: workpiece’s velocity relative to cutting tool
in direction normal to shear plane (m/s)

Wj width of pressed zone (mm)
x y z machine tool coordinate system: x radial (or depth of

cut) direction, y tangential (or cutting velocity) direc-
tion and z axial (or negative feed) direction

x0 y0 z0 intermediate coordinate system (rotated x y z system
by angle 90�Kr)

x00 y00z00 oblique coordinate system (rotated x0 y0 z0 system by
angle i); x00along the tool’s cutting edge, y0 0 placed on
the lateral surface and z00normal to the lateral surface

X00W=T ðtÞ workpiece’s position relative to tool in cutting tool
edge direction

Y 00 W=T ðtÞworkpiece’s position relative to tool in lateral surface
and perpendicular to tool cutting edge (mm)

Z00 W=T ðtÞworkpiece’s position relative to tool perpendicular to
tool cutting edge and normal to lateral surface (mm)

gn normal rake angle (deg.)
Dt1 noncutting duration in one cycle of vibration
Dt2 cutting duration in one cycle of vibration
Dttotal vibration cycle time
fn normal shear angle (measured in normal plane) (deg.)
o angular velocity (rad/s)
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In the present study, the kinematics of the tool-workpiece’s
relative movement in UAT has first been investigated in order to
provide real insights in to the underlying mechanism.

The advantages of the vibration assisted cutting lessen as the
cutting speed approaches a critical value and virtually disappear
when this critical value is exceeded. The critical cutting speed in
orthogonal UAT is obtained by Vcr¼2p a f, where a and f denote
the vibration amplitude and frequency, respectively [1–20,
23–25]. It is more complicated in oblique UAT and needs to be
investigated. In addition, the development of a thorough kine-
matics model requires that the tool engagement and disengage-
ment instants in each cycle of vibration to be specified. This is also
a prerequisite for the dynamics analysis of the oblique UAT. In the
present study, three different criteria have been introduced to
explain the tool engagement/disengagement model. The relations
estimating the critical cutting speed and the tool engagement and
disengagement instants were subsequently derived. The results
were compared through different case studies. The influence of
variations in the oblique UAT parameters including the frequency
and amplitude of vibration, the cutting tool rake angle, inclination
angle, tool cutting edge angle and feed rate on the critical speed
and the start and end instants of cutting operation in each cycle of
vibration has also been studied. The experimental results of the
present study would be presented in Part III.
2. Mechanics of oblique turning

The oblique turning operation is schematically illustrated in
Fig. 1. The two lateral and main surfaces are shown in this figure.
In this figure i and Kr denote the inclination angle and cutting
edge angle, respectively. As is clear from this figure, three
coordinate systems have been defined: x y z coordinate system
corresponds to the general coordinate system of CNC lathes;
x0 y0 z0 or intermediate coordinate system is obtained when x y z

coordinate system is rotated by 90�Kr about y axis and displaced
to the lateral surface (x0 and y0 are placed on the lateral surface);
x00 y00 z00 oblique coordinate system is obtained when x0 y0 z0 coordi-
nate system is rotated by i (x00 placed on the lateral surface and
oriented along the tool’s cutting edge, y00also placed on the lateral
surface, z00 normal to the lateral surface).



Fig. 1. A schematic view of oblique turning (ia0 ,Kr r903).

Fig. 2. Cutting tool in oblique turning ðia0, Kr r903
Þ.
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The cutting tool in relation to the coordinate systems is shown
in Fig. 2. It should be noted that the angles in oblique cutting
follow the relation ðia0,Kr r903

Þ. The difference in the base
points of the coordinate systems in Figs. 1 and 2 does not
influence the results since the relative displacement, velocity
and acceleration of the tool and workpiece are concerned.

A three dimensional view of the orthogonal and oblique 1D-
UATs is illustrated in Fig. 3 where the vibration is applied along
the cutting velocity. In this figure Pn denotes the normal plane
(perpendicular to the tool cutting edge); Vf is the feed rate; VC ,
the cutting speed; a and f, the vibration amplitude and frequency,
respectively; and t, time.

The workpiece’s velocity in 1D –UAT can be represented in x y

z system, as follows:

V
!

W ðtÞ ¼ ðVXW
ðtÞ,VYW

ðtÞ,VZW
ðtÞÞ ¼ ð0,VC ,0Þ ð1Þ

The cutting tool velocity in 1D-UAT can be written in x y z

system, as follows:

V
!

T ðtÞ ¼ ðVXT
ðtÞ,VYT

ðtÞ,VZT
ðtÞÞ ¼ ð0,ao sin ot,�Vf Þ ð2Þ

The workpiece’s velocity relative to the cutting tool in UAT can
thus be obtained as

V
!

W=T ðtÞ ¼ V
!

W ðtÞ�V
!

T ðtÞ ¼ ðVXW=T
ðtÞ,VYW=T

ðtÞ,VZW=T
ðtÞÞ

¼ ð0,�ao sin otþVC ,Vf Þ ð3Þ
where VXW=T
ðtÞ, VYW=T

ðtÞ and VZW=T
ðtÞ are the x, y and z components

of velocity, respectively. The transformation from x y z system to
x0 y0 z0 system is done by the use of the following rotation matrix:

x0

y0

z0

2
64

3
75¼

cosðp=2�KrÞ 0 �sinðp=2�KrÞ

0 1 0

sinðp=2�KrÞ 0 cosðp=2�KrÞ

2
64

3
75�

x

y

z

2
64
3
75 ð4Þ

Consequently, it can be shown that the workpiece’s velocity
relative to the cutting tool in x0 y0 z0 coordinate system is obtained
as

V
!

W=T ðtÞ ¼ VX0W=T
ðtÞ,VY 0W=T

ðtÞ,VZ0W=T
ðtÞ

� �
¼ ð�cos KrVf ,�ao sin otþVC ,sin KrVf Þ ð5Þ

The x0 y0 z0 system is transformed to x00 y00 z00 system, as follows:

x00

y00

z00

2
64

3
75¼

cos i �sin i 0

sin i cos i 0

0 0 1

2
64

3
75�

x0

y0

z0

2
64

3
75 ð6Þ

Therefore, the workpiece’s position and speed relative to the
cutting tool are obtained as follows:

X00W=T ðtÞ ¼ ðcos iÞX0W=T ðtÞþð�sin iÞY 0W=T ðtÞ

¼�a sin i cos o t�VC sin i t�cos i cos KrVf t ð7Þ

Y 00W=T ðtÞ ¼ ðsin iÞX0W=T ðtÞþ cos ið ÞY 0W=T ðtÞ

¼ a cos i cos otþVC cos it�sin i cos KrVf t ð8Þ

Z00W=T ðtÞ ¼ Z0W=T ðtÞ ¼ sin KrVf t ð9Þ

V
!

W=T ðtÞ ¼ ðVX00W=T
ðtÞ,VY 00W=T

ðtÞ,VZ00W=T
ðtÞÞ

¼ ao sin i sin ot�VC sin i�cos i cos KrVf ,
�
�ao cos i sin otþVC cos i

�sin i cos KrVf ,sin KrVf

�
ð10Þ
3. Tool path

The tool path in UAT obtained by Eqs. 8 and 9 is illustrated in
Fig. 4. It is more convenient to use a fixed workpiece system in
which the cutting tool moves towards the workpiece. In this case
ðY 00T=W ðtÞ ¼�Y 00W=T ðtÞ,Z

00
T=W ðtÞ ¼�Z00W=T ðtÞÞ.

The tool path has been simulated by MATLAB software and
illustrated in Fig. 5. This figure shows the first pass of UAT and the
lateral surface left in Pn plane.



Fig. 4. The position of cutting tool edge relative to workpiece (Vf¼0.4 mm/rev , VC¼0.36 m/s).

Fig. 5. 2D simulation of lateral surface in first pass of UAT; VC¼0.36 m/s, Vf¼7.5 mm/rev, a¼10 mm.

Fig. 6. a2D simulation of lateral surface in second pass of UAT; VC¼0.36 m/s, Vf¼7.5 mm/rev, a¼10 mm.

Fig. 3. A view of the orthogonal and oblique 1D-UATs.
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Similarly, the tool path and the lateral surface left in the
second pass of UAT can be simulated as shown in Fig. 6.

An important point to note in Figs. 5 and 6 is that in order to
present a clear illustration of the tool path, a feed rate about 50
times greater than its actual value has been selected, i.e. 7.5 mm/
rev instead of 0.25 mm/rev. In conventional turning, the cutting
tool moves along a straight path which can be simulated by an
inclined line. In UAT, a toothed pattern is also superimposed on
the inclined tool path, as can be seen in the simulation results
shown in Figs. 5 and 6.

According to Figs. 5 and 6, the chip removal operation is
carried out during stages 1–2. In stages 2–4, the cutting tool
withdraws from the cutting zone causing the chip removal
operation to stop. However, the cutting tool does not disengage
in this stage from the workpiece because of its feed motion. It
inevitably rubs and presses against the lateral surface. In stages
4–6, the cutting tool moves back toward the cutting zone and
because of its feed motion, machines a very thin layer of the
lateral surface under the assumption of sharp cutting edge.
However, the feed component in z00 direction is usually smaller
than the radius of the cutting tool edge due to the lack of
sharpness. As a result, material removal in stages 4–6 is improb-
able and the surface is again rubbed by the cutting tool. In stages
6–8, chip removal from the uncut surface restarts.

In practice, it is expected that rubbing and pressing against the
lateral surface to result in surface hardening. The pressed region
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in each vibration cycle can be specified by its depth and width
denoted by D and W, respectively, as illustrated in Fig. 7-a.

The surface hardness is measured by a micro-hardness device
as described later in Part III. Several pressed and machined
regions are covered by the device’s indenter as shown in Fig. 7b.
Therefore, the measured hardness represents an average value for
the hardness of the pressed and machined regions. The indenta-
tion area on the lateral surface is simulated as shown in Fig. 8. The
depths and widths of the pressed regions for different feed rates
and cutting speeds are shown in this figure.

It is evident from Fig. 8 that when the feed rate is constant, the
depth and width of the pressed region change with a change in
the cutting speed VC; by increasing the cutting speed, the width of
the pressed region decreases (W14W24W3), but its depth
increases (D1oD2oD3) (Fig. 8a). When the cutting speed VC is
constant, the width of the pressed region remains constant
(W1¼W2¼W3) but its depth increases (D1oD2oD3)with an
increase in the feed rate (Fig. 8b).

The effect of ultrasonic vibration amplitude on the width and
depth of pressed regions is shown in Fig. 9. It can be seen from
this figure that the depth of the pressed region remains constant
but its width increases with an increase in the vibration
amplitude.

An increase in the depth or width of the pressed region is
expected to lead to the increase in the hardness of the lateral
surface.
4. Critical speed in oblique UAT

The critical speed in vibration cutting denotes the maximum
cutting speed as the threshold above which the cutting operation
changes from the interrupted mode to continuous mode. In order
to calculate the critical speed in oblique UAT, a proper criterion is
required to distinguish between the engagement and disengage-
ment of the cutting tool and workpiece. In the following sections
Fig. 8. The effect of different machining parame

Fig. 7. A view of (a) the width and depth of pressed region in one vibration cycle,

(b) the indentation area.
three different criteria are proposed for this purpose and exam-
ined by case studies.
4.1. Critical speed: first criterion

The first criterion is explained with the aid of Fig. 10. This
criterion implies that the cutting tool disengages from shear zone
when the former leaves the plane normal to y00 axis at the chip
root. This necessarily happens when the y00 component of the
workpiece’s velocity relative to the cutting tool becomes negative
(Eq. 10). The y00 component of the relative velocity is denoted by
V? in the first criterion. It should be noted that V? is an auxiliary
parameter which is differently defined for the three criteria.

The y00 component of relative velocity is rewritten from Eq.
(10), as follows:

V? ¼ VY 00W=T
ðtÞ ¼ �ao cos i sin otþVC cos i�sin i cos KrVf ð11Þ

Similar to orthogonal UAT, the critical speed can be inferred as
the threshold over which the speed of ultrasonic vibration
ters on depth and width of pressed regions.

Fig. 9. The effect of ultrasonic vibration amplitude on the width and depth of

pressed regions; VC¼0.18 m/s, Vf¼0.4 mm/rev, f¼20 kHz, D1¼D2¼D3¼D4¼D5

¼D6, W1oW2oW3oW4oW5oW6.

Fig. 10. Illustration of the first criterion.
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approaches the cutting speed. This threshold for oblique UAT can
be obtained by setting Eq. 11 to zero. The first derivative of V?
would be zero at critical speed since V? attains its minimum:

dV?=dt¼�ao2 cos i cos ot¼ 0) cos o¼ 0
) sin ot¼ 71 ð12Þ

d2V?=dt2 ¼ þao3 cos isin o t40) sin ot40
) sin ot¼ þ1 ð13Þ

By substituting sin o t¼ þ1 in Eq. 11 and setting this equation
to zero, the critical speed is obtained as follows:

Vcr ¼ þa oþcos Kr tan iVf ðm=sÞ ð14Þ

In turning process, the feed rate Vf (mm/rev) and cutting speed
are related to each other, as follows: Vf ðm=sÞ ¼ ðVf ðmm=revÞ
�VC ðm=sÞÞ=ðpd ðmmÞÞ. At the critical speed, VCin this relation is
substituted by Vcr. By substituting Vf from this relation into Eq.
(14), the critical speed can be rewritten as follows:

Vcr ¼
pdao

pd�cos Kr tan iVf ðmm=revÞ
ð15Þ

4.2. Critical speed: second criterion

The second criterion is explained with the aid Fig. 11. This
criterion implies that the cutting tool disengages from the shear
zone when the tool’s rake face disengages from chip.

The relative velocity V?, is written as follows (Fig. 11 and
Eq. (10)):

V? ¼ ðcos gnÞVY 00W=T
ðtÞþð�sin gnÞVZ00W=T

ðtÞ

¼ ½�ao cos isin otþVC cos i�sin i cos KrVf �cos gn�½sin KrVf �sin gn

ð16Þ

where gn is the normal 3rake angle. The critical speed for the
second criterion is obtained in a way similar to the first criterion,
as follows:

Vcr ¼ þaoþ sin Kr tan gn

cos i
þcos Kr tan i

� �
Vf ðm=sÞ ð17Þ
Fig. 11. Illustration of the second criterion.

Fig. 12. Illustration of the third criterion.
or

Vcr ¼
pdao

pd�ððsin Kr tan gn=cos iÞþcos Kr tan iÞVf ðmm=revÞ
ð18Þ

4.3. Critical speed: third criterion

The third criterion is explained with the aid of Fig. 12. This
criterion implies that the cutting tool disengages from the shear
zone when the tool’s cutting edge disengages from the
shear plane.

The relative velocity V?, is written as (Fig. 12 and Eq. (10)):

V? ¼ ðsin fnÞVY 00W=T
ðtÞþðcos fnÞVZ00W=T

ðtÞ

¼ ½�aocos isin otþVCcos i�sin icos KrVf �sin fnþ½sin KrVf �cos fn

ð19Þ

where fn is the normal shear angle. The critical speed for the
third criterion can be found, as follows:

Vcr ¼ þaoþ cos Kr tan i�
sin Kr cot fn

cos i

� �
Vf ðm=sÞ ð20Þ

or

Vcr ¼
pdao

pd�ðcos Kr tan i�ðsin Krcot fn=cos iÞÞVf ðmm=revÞ
ð21Þ

The normal shear angle jn in UAT is time dependent and
changes during cutting operation. The important point is that the
values of the normal shear angle at the engagement and disen-
gagement moments are the same in each cycle of vibration.
5. Cutting and noncutting duration in oblique UAT

Three criteria were proposed in previous section for distin-
guishing the disengagement instant of the cutting tool from the
shear zone. Accordingly, three criteria can also be presented to
find out the reengagement instant of the cutting tool. These
criteria are schematically depicted with the aid of Fig. 13. In this
figure, t1 1 and t1 3 are the disengagement and reengagement
instants of the cutting tool or, in other words, the machining
interruption and restart instants, respectively.

The tool path relative to the workpiece can be drawn in the
normal plane by using Eqs. (8) and (9), as depicted in Fig. 14. In
this figure, t1 2 denotes the instant of maximum distance of the
cutting tool from the shear zone. The points t1 1, t1 2, t1 3 are
related to the first and tn 1, tn 2, tn 3 to the nth vibration cycle. The
spring back of chip and workpiece has been neglected.

As is evident from the nature of UAT process, the cutting
operation is performed in part of each vibration cycle. The
intention in this section is to develop analytical means for
prediction of the cutting and noncutting duration in each cycle
of vibration. The engagement and disengagement instants in
consecutive vibration cycles can be used to derive the cutting
and noncutting duration. Different relations are necessarily
obtained in terms of the above mentioned criteria, as follows.

5.1. Cutting and noncutting duration: first criterion

The machining interruption and restart instants, i.e. t1 1 and
t1 3, are illustrated in Fig. 15 for the first criterion.

The machining interruption instant, t1 1, is obtained by setting
V? from Eq. (11) to zero, as follows:

V? ¼ VY 00W=T
ðtÞ ¼ �ao cos isin otþVCcos i�sin icos KrVf ¼ 0

) sin ot¼
VCcos i�Vf sin i cos Kr

2paf cos i



Fig. 13. Illustration of three criteria for (a) disengagement instant t1 1 and (b) reengagement instant t1 3 of the cutting tool.

Fig. 14. The tool path relative to workpiece in UAT; C1, C2, C3 implying 1st, 2nd, 3rd criteria; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , VC¼0.5 m/s, a¼10 mm and Vf¼0.2 mm/rev.

Fig. 15. Disengagement and reengagement of cutting tool according to the 1st

criterion.

Fig. 16. Disengagement and reengagement of cutting tool according to the 2nd

criterion.
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) otþ2Kp¼ sin�1 VC cos i�Vf sin icos Kr

2paf cos i

� ��

p�otþ2Kp¼ sin�1 VCcos i�Vf sin i cos Kr

2paf cos i

� �
ð22Þ

The general roots of the above equations are calculated as
follows:

tn1 ¼
sin�1

ðVC cosi�Vf sin i cos Kr=2paf cos iÞ

2pf
þ

n�1

f
ð23Þ

tn2 ¼
1

2f
�

sin�1
ðVC cos i�Vf sin i cos Kr=2paf cos iÞ

2pf
þ

n�1

f
ð24Þ

where n is the number of vibration cycle. For the first cycle:

t1 1 ¼
sin�1

ðVC cos i�Vf sin i cos Kr=2paf cos iÞ

2pf
ð25Þ

t12 ¼
1

2f
�

sin�1
ðVC cos i�Vf sin i cos Kr=2paf cos iÞ

2pf
ð26Þ

It is sensible to assume that the machining operation restarts
when the cutting tool returns back to its t1 1 position relative to
the workpiece along y00axis (Fig. 15). Therefore, t1 3 can be
estimated as follows:

Y 00 W=T ðt1 1Þ ¼ Y 00 W=T ðt1 3Þ ð27Þ

By substituting from Eq. (8) into the above equation:

a cos i cos ot11þVC cos it11�sin i cos KrVf t11 ¼ a cosi cos ot13

þVC cos it13�sin i cos KrVf t13 ð28Þ

The only unknown parameter in the above equations is t1 3, so
the equation can be written in the form of A cos Bt13þCt13 ¼D

(A, B, C and D as computable constants). This equation has no
analytical solution and should be solved numerically within the
specified time interval t1 2 to t2 1.

5.2. Cutting and noncutting duration: second criterion

The machining interruption and restart instants, i.e. t1 1 and t1 3,
are illustrated in Fig. 16 for the second criterion.

The machining interruption instant, t1 1, is obtained by setting
V? from Eq. (16) to zero, as follows:

V? ¼ ð�ao cos i sin otþVC cos i�sin i cos KrVf Þcos gn

�ðsin KrVf Þsin gn ¼ 0

) sin ot¼
VC cos i�Vf ðsin i cos Krþtan gn sin KrÞ

2paf cos i
ð29Þ
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The general roots of the above equations are calculated as
follows:

tn1 ¼
sin�1

ðVC cos i�Vf ðsin i cos Krþtan gn sin KrÞ=2paf cos iÞ

2pf

þ
n�1

f
ð30Þ

tn2 ¼
1

2f
�

sin�1
ðVC cos i�Vf ðsin i cos Krþtan gn sin KrÞ=2paf cos iÞ

2pf

þ
n�1

f
ð31Þ

According to Fig. 16, the machining restart instant, t13, is
obtained as follows:

Y 00W=T ðt11ÞþYn
¼ Y 00W=T ðt13Þ

n

Z00W=T ðt11ÞþZn
¼ Z00W=T ðt13Þ

VZ00 W=TðmeanÞ
ðtÞ ¼

Z00W=T ðt13Þ�Z00W=T ðt11Þ

t13�t11
¼

Zn

t13�t11
) Zn

¼ VZ00W=TðmeanÞ
ðtÞ � ðt13�t11Þ

tangn ¼
Yn

Zn
)

Y 00W=T ðt1 3Þ�Y 00W=T ðt11Þ ¼ Yn
¼ tangnZn

¼ tangnVZ00W=TðmeanÞ
ðtÞ � ðt13�t11Þ

ð32Þ

By substituting from Eqs. (8) and (10) into the above equation:

a cosi coso t1 3þVC cosi t1 3�sin i cos Kr Vf t1 3

�a cos i cos o t1 1�VC cos it1 1þsin i cos Kr Vf t1 1

¼ tan gn sin Kr Vf ðt1 3�t1 1Þ ð33Þ

The above equation can be solved numerically to obtain the
only unknown parameter, t1 3, within the time interval t1 2 to t21.

5.3. Cutting and noncutting duration: third criterion

The machining interruption and restart instants, i.e. t1 1 and
t1 3, are illustrated in Fig. 17 for the third criterion.

The machining interruption instant, t1 1, is obtained by setting
V? from Eq. (19) to zero, as follows:

V? ¼ ½�a o cosi sin o tþVC cos i�sin i cos Kr Vf �sin fn

þ½sin Kr Vf �cos fn ¼ 0

) sin o t¼
VC cos i�Vf ðsin i cos Kr �cot fn sin KrÞ

2 p a f cos i
ð34Þ

The general roots of the above equations are calculated as
follows:

tn 1 ¼
sin�1

ðVC cos i�Vf ðsin i cos Kr�cot fn sin KrÞ=2paf cos iÞ

2pf
þ

n�1

f

ð35Þ
Fig. 17. Disengagement and reengagement of cutting tool according to the 3rd

criterion.
tn2 ¼
1

2f
�

sin�1
ðVC cos i�Vf ðsin i cos Kr�cot fn sin KrÞ=2paf cos iÞ

2pf

þ
n�1

f
ð36Þ

According to Fig. 17, the machining restart instant, t13, is
obtained as follows:

Y 00W=T ðt11Þ�Yn
¼ Y 00W=T ðt13Þ

Z00W=T ðt11ÞþZn
¼ Z00W=T ðt13Þ

8<
:

VZ00W=T
ðtÞ ¼

Zn

t13�t11
) Zn

¼ VZ00W=T
ðtÞ � ðt13�t11Þ

cotfn ¼
Yn

Zn
)

Yn
¼ Y 00W=T ðt11Þ�Y 00W=T ðt13Þ ¼ cot fnZn

¼ cot fnVZ00W=T
ðtÞ � ðt13�t11Þ

ð37Þ

By substituting from Eqs. (8) and (10) into the above equation:

a cos icos ot11þVC cos it11�sin i cos KrVf t11

�a cos i cos ot13�VCcos i t13

þsin i cos KrVf t13 ¼ cot fn sin KrVf ðt13�t11Þ ð38Þ

The above equation can be solved numerically to obtain the
only unknown parameter, t13, within the time interval t12 to t21.

5.4. Case studies

Several examples are presented in this section for different values
of vibration amplitude and cutting speed to examine the criteria
discussed above. The other oblique UAT parameters are assumed to
be as follows: vibration frequency f¼20 kHz; feed rate Vf¼0.2 mm/
rev; workpiece diameter d¼150 mm; and the angles of inclination,
tool cutting edge and normal rake i¼ 303, Kr ¼ 603 and gn ¼ 303,
respectively. The times t11, t12 and t1 3 can be calculated from Eqs.
(23), (24) and (28) for the first criterion; Eqs. (30), (31) and (33) for
the second criterion; and Eqs. (35), (36) and (38) for the third
criterion, respectively. As mentioned earlier, t1 3 is calculated numeri-
cally within the time interval (t12 to t21). The numerical solutions
have been obtained by MATLAB software. The following definitions
hold for the examples presented in this section: vibration cycle time
Dttotal ¼ t21�t11 ¼ 1=f , noncutting duration in one cycle of vibration
Dt1¼t13�t11, cutting duration in a cycle of vibrationDt2¼t21�t13,
the ratio of cutting duration to cycle time Dt2=Dttotal. The results of
calculation are presented in Tables 1–3 for criteria 1–3, respectively.

As can be seen in Tables 1–3, Dt1¼0 for cases 2, 3 and 5. That
means no cutting interruption occurs and the cutting tool is
continuously engaged with the workpiece in these examples.
6. Results and discussion

The machining interruption and restart instants for the three
criteria are compared in Fig. 18a (for case 1) and Fig. 18b (for
case 4).

The ratios of cutting duration to total cycle time, Dt2=Dttotal,
obtained for the three criteria are shown in Fig. 19.

As can be seen in Fig. 19, the minimum value of Dt2=Dttotal is
obtained for the second criterion. This ratio is higher in the third
criterion compared with two others.

The average of Dt2=Dttotal obtained for the three criteria for
different cutting velocities and vibration amplitudes are shown in
Fig. 20. It is evident from this figure that an increase in the
vibration amplitude and decrease in the cutting speed result in a
lowerDt2=Dttotal indicating that the ultrasonic vibration will be
more effective.



Table 2

The results of examples for the 2nd criterion; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , Vf ¼ 0:2 mm=rev, d¼ 150 mm.

t11 t12 t13 t21 Dt total Dt 1 Dt 2 Dt 2=Dt total

1 a¼ 6 mm

VC ¼ 0:5 m=s
5:7686� 10�6 1:9231� 10�5 2:65322� 10�5 5:5769� 10�5 5� 10�5 2:07636� 10�5 2:9236� 10�5 0:58473

2 a¼ 6 mm

VC ¼ 0:754 m=s
1:25� 10�5 1:25� 10�5 1:25� 10�5 6:25� 10�5 5� 10�5 0 5� 10�5 1

3 a¼ 6 mm

VC ¼ 1:7 m=s
1:25� 10�5 1:25� 10�5 1:25� 10�5 6:25� 10�5 5� 10�5 0 5� 10�5 1

4 a¼ 10 mm

VC ¼ 0:5 m=s
3:2560� 10�6 2:1744� 10�5 3:27826� 10�5 5:3256� 10�5 5� 10�5 2:95266� 10�5 2:04734� 10�5 0:40947

5 a¼ 10 mm

VC ¼ 1:7 m=s
1:25� 10�5 1:25� 10�5 1:25� 10�5 6:25� 10�5 5� 10�5 0 5� 10�5 1

Table 3

The results of examples for the 3rd criterion; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , Vf ¼ 0:2 mm=rev, d¼ 150 mm.

t11 t12 t13 t21 Dt total Dt 1 Dt 2 Dt 2=Dt total

1 a¼ 6 mm

VC ¼ 0:5 m=s
5:7733� 10�6 1:9227� 10�5 2:65214� 10�5 5:5773� 10�5 5� 10-5 2:07481� 10�5 2:92516� 10�5 0:585032

2 a¼ 6 mm

VC ¼ 0:754 m=s
1:25� 10-5 1:25� 10-5 1:25� 10-5 6:25� 10-5 5� 10-5 0 5� 10-5 1

3 a¼ 6 mm

VC ¼ 1:7 m=s
1:25� 10-5 1:25� 10-5 1:25� 10-5 6:25� 10-5 5� 10-5 0 5� 10-5 1

4 a¼ 10 mm

VC ¼ 0:5 m=s
3:2583� 10-6 2:17417� 10�5 3:27762� 10-5 5:32583� 10-5 5� 10-5 2:95179� 10�5 2:04821� 10�5 0:409642

5 a¼ 10 mm

VC ¼ 1:7 m=s
1:25� 10-5 1:25� 10-5 1:25� 10-5 6:25� 10-5 5� 10-5 0 5� 10-5 1

Table 1

The results of examples for the 1st criterion; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , Vf ¼ 0:2 mm=rev, d¼ 150 mm.

t11 t12 t13 t21 Dt total Dt 1 Dt 2 Dt 2=Dt total

1 a¼ 6 mm

VC ¼ 0:5 m=s
5:7703� 10�6 1:9230� 10�5 2:65282� 10�5 5:5770� 10�5 5� 10�5 2:07579� 10�5 2:92418� 10�5 0:584836

2 a¼ 6 mm

VC ¼ 0:754 m=s
1:25� 10�5 1:25� 10�5 1:25� 10�5 6:25� 10�5 5� 10�5 0 5� 10�5 1

3 a¼ 6 mm

VC ¼ 1:7 m=s
1:25� 10�5 1:25� 10�5 1:25� 10�5 6:25� 10�5 5� 10�5 0 5� 10�5 1

4 a¼ 10 mm

VC ¼ 0:5 m=s
3:2568� 10�6 2:1743� 10�5 3:27802� 10�5 5:3257� 10�5 5� 10�5 2:95234� 10�5 2:04768� 10�5 0:409536

5 a¼ 10 mm

VC ¼ 1:7 m=s
1:25� 10�5 1:25� 10�5 1:25� 10�5 6:25� 10�5 5� 10�5 0 5� 10�5 1
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A smaller ratio of the cutting duration to the cycle time,
Dt2=Dttotal, indicates that for a specific cycle time, the duration
of the cutting tool engagement with the workpiece is less than
that in the larger values of Dt2=Dttotal. This phenomenon leads to
lower average cutting force and thus to the higher effectiveness of
ultrasonic vibration cutting.

If the feed rate is neglected the critical speeds in oblique
UAT obtained for the three criteria will converge to (Vcr¼2p a f)



Fig. 19. The ratio of cutting duration to cycle time for three criteria, (a) a¼6 mm, (b) a¼10 mm; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , VC¼0.5 m/s, Vf¼0.2 mm/rev, d¼150 mm.

Fig. 20. The average of Dt2=Dttotal obtained for the three criteria, (a) versus VC, (b) versus a; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , VC¼0.5 m/s, Vf¼0.2 mm/rev, d¼150 mm.

Fig. 18. Comparison of t11 and t13 for three criteria, (a) a¼6 mm, (b) a¼10 mm; i¼ 303 , Kr ¼ 603 , gn ¼ 303 , VC¼0.5 m/s, Vf¼0.2 mm/rev, d¼150 mm.
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which is the same as in orthogonal UAT. This can be verified by
substituting Vf¼0 in Eqs. (14), (15), (17), (18), (20) and (21). In
that case, same value is obtained for each of t1 1 and t1 2 in the
three criteria. This can be verified by substituting Vf¼0 in
Eqs. (25), (26), (30), (31), (35) and (36) which yields
t11 ¼ sin�1

ðVC=2paf Þ=2pf andt12 ¼ ð1=2f Þ�sin�1
ðVC=2paf Þ=2pf .

As is expected, different estimates will be obtained for the
machining interruption and restart instants for the three criteria if
the feed rate is taken into consideration (Vfa0). However, this
difference is insignificant compared with the cycle time; it can be
shown that the difference is in the order of 10�7 s whereas the cycle
time is Dttotal ¼ 5� 10�5 s. The difference between Dt2=Dttotal s
obtainable for the three criteria is about 0.002–0.003. This implies
that any of the three criteria can viably be employed.

It should be noted that in the case of VCZVcr, the ratio
of Dt2=Dttotal becomes 1. This means that the cutting tool con-
tinuously engages with the workpiece and the cutting operation is
carried out during the whole cycle time (as can be seen in Fig. 20a,
when VC is greater than about 2 m/s and in Fig. 20-b when
amplitude is less than about 4 mm). In case of VCoVcr,
the cutting operation is intermittent and the advantages of apply-
ing ultrasonic vibration to the cutting tool will be maintained.
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7. Conclusion

A kinematics model has been developed in the present study
for the relative movement between the cutting tool and work-
piece in UAT.

The model predicts that the cutting tool does not disengage
from the workpiece during its cyclic motion and inevitably rubs
and presses against the lateral surface remaining after each
revolution of the workpiece. The tool path is the resultant of
cutting motion, feed motion and ultrasonic vibration along the
direction of the cutting velocity. This tool path leaves a toothed
pattern on the lateral surface consisting of alternate pressed and
machined regions. The pressed regions harden due to the burn-
ishing effect. The model predicts that the width of pressed regions
increases when the cutting speed decreases or the vibration
amplitude increases; also an increase in the feed rate results in
the increase of the depth of pressed regions which in turn may
lead to increased hardness of the lateral surface. The kinematics
model predicts no pressing on the lateral surface in UAT at higher
cutting speeds. This agrees with the common understanding of
UAT as the latter loses its advantages and performs like a CT
process when the cutting speed approaches its critical value.

The critical speed and machining duration in each vibration
cycle were other subjects dealt with in the present paper.

Three criteria were proposed to elaborate on the underlying
mechanism of the machining interruption and restart in each
vibration cycle for 1D-oblique UAT. If the feed rate is neglected
the critical velocities in oblique UAT obtained for the three
criteria will converge to (Vcr¼2p a f) which is the same as in
orthogonal UAT. In that case the estimates of the criteria for the
machining duration are also the same. The estimates of the
criteria would of course be different when the feed rate is taken
into consideration, but the difference is about 0.002�0.003 for
Dt2=Dttotal which is practically insignificant. Therefore, the three
criteria proposed in the present study can equivalently be
inferred as the underlying mechanism of the machining interrup-
tion and restart in each vibration cycle in 1D-oblique UAT.

It was found that by reducing the cutting speed or by
increasing the vibration amplitude, the ratio of the cutting
duration to the cycle time would decrease indicating that the
ultrasonic vibration would be more effective at lower cutting
speeds and larger vibration amplitudes.
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